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Course at glance

Discrete-time
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Discrete-Time Processing of
Continuous-Time Signals
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Overall block diagram

| Discrete-time
system

C/D converter

Conversion from
impulse train
to discrete-time
xc(t) | xs(t)
| sequence

Convert from

——> sequence to
impulse train

S J B

Sampling
(a)

period T
¢ Overall system is continuous-time processing

Ideal

reconstruction !

filter
H,(j©)

¢ Continuous-time processing of discrete-time signals also possible
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Output signal

¢ Necessary conditions
+ The discrete-time system is LTl
+ Continuous-time signal Z.(t) is bandlimited
+ Sampling rate {2, is at or above the Nyquist rate 2{2

¢ If all conditions are satisfied, the output signal becomes
Yr(59) = Her (72) X (7€) Cutoff frequency of

. ideal lowpass filter
H(e9T), |9 < w{v P
0, Q| > /T

where

Heff(jﬂ) - {
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Impulse invariance

|
Continuous-time Discrete-time :
—>| LTIsystem f——— _:—)— C/D »| LTIsystem > D/C : =
x.(1) h.(t), H.(jQ) v (1) x.(1) | x[n] h{n], H(e’?) y[n] } yr (1) =y (1)
: 4 A |
(a) | T T |
|

Heg () = H.(j€)
(b)

¢ Want to implement the continuous-time impulse response h.(t) using
discrete-time system h[n] or vise versa

¢ How to design h[n| based on h.(t)?
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Impulse invariance

H (79T, Q| < w/T

¢ Recall Heg(j2) = {0 Q| > «/T

¢ We want to have Heg(j2) = H.(j2)

» H(e™) = H,(jw/T), |w| <

¢ In time-domain: h[n| = Th.(nT)

: 1 & w 27k
jwy = | = — —
H() =T Y H (.7 (T T ))
k=—o00 Because H.(j2) =0, |Q| > /T
w

:Hc (]T), |&)|<7T
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Changing Sampling Rate Using
Discrete-Time Processing
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Resampling

¢ Sampling with sampling period T: z[n| = z.(nT)

¢ Often necessary to change the sampling rate of a discrete-time signal
z1[n] = z.(nTy), with T # T3
+ Resizing digital images
+ Video/audio conversion
¢ Direct approach is to reconstruct z.(t) from z[n| and resample with
sampling period T
+ Not a practical approach due to non-ideal hardware

4+ Near-ideal filters are $$$$$$$

¢ Can we change the sampling rate by only dealing with discrete-time
operations? YES!
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Downsampling
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Decreasing sampling rate by integer factor

> | M =
x[n] xg[n] = x[nM]
Sampling Sampling
period T period Ty = MT

¢ Usually called “downsampling”

¢ Sampling rate can be reduced by “sampling” the original sampled sequence
+ Original sampled sequence x[n] = z.(nT)
+ New “sampled” sequence z4[n| = x[nM]| = z.(nMT)
+ Keep one sample out of every M samples

=>» Operation called “compressor”

& The new sequence Z4[n] is identical to the sequence obtained from Z.(t)
with the sampling period Ty = MT
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Is reconstruction possible?

¢ Original sampling rate Q0 = 27 /T

& If X.(jQ) =0 for |2 > Qp, zc(t) can be reconstructed from x4[n| if
n/Tq=n/(MT) > Qn B 21/Tys > 20y

¢ Sampling rate can be reduced to 1/M without aliasing if the original
sampling rate T is at least M times the Nyquist rate
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Frequency-domain representation

& DTFT of z[n] = z.(nT) is

- £ 5G]

k=—o0

& DTFT of z4[n] = z[nM] = z.(nTy) with Ty = MT

Xo(e/) = Tid > X [j (;d B 2;:)]

1 OOX, w  27r
~MT 2~ [\ MT~ MT
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Frequency-domain representation

® Wecanwrite r=1+kM for —co<k<ocoand0<:<M-—-1

: 1 = w 27r
Xa(e?®) = X, |j
) = 37 2 [‘7 (MT MT)]

r=——00

EE (o)

1=

¢ Using DTFT of x[n]
: : 1 w—2m 27k
jw—2mi) /M N . .

1
& We have Xy4(e'%) = 17 Z X(eﬂ(w 27f’t)/M)
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Example - no aliasing

X.(j)

(g = 4Q) N case

Desired sequence Z4[n]

i X ey = L[X(ei?) + X(eit@-2m2))
(M=2) 2

(a) |

X,(jQ) = X(e/7) /”:\I
1

27 - T 2 w=0T,

2 Q

(b)
Original sequence Z[n] |X()
0=
T
/\ ! ! A
=27 —1r — )y wy =0T = 2 w=10T
(c)
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Example — with aliasing
Prefiltering to avoid aliasing

H (')
K
1 1
| | | 1

-0y Qy 0 =2 —1r T 27 w=0T
(a)
X((’j”)

(@
Original sequence z[n]
1

=]

T 27 w =0T 27 -1 w=0T

=0T,

| 1 | | L | |
27 _ 3w -w T 3w 2w w=0T, 27 -
2 2
(c)

Aliasing occurs! To avoid aliasing, uy M < 7
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A general downsampling system

Lowpass filter
» Gain=1 |—— \ M - -
x[n] Cutoff = 7/M | X[n] X, [n] = X[nM]
Sampling Sampling Sampling
period T period T period 7, =MT

¢ Lowpass filter to avoid aliasing

¢ The system also called “decimator” (in general,“downsampling”)
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Efficient implementation of downsampling

Lowpass filter
> Gain=1 |—— M - —
x[n] Cutoff = 7/M | X[n] X, [n] = X[nM]
Sampling hin] Sampling Sampling
period T __ period T period T;= MT
¢ in]= )  hlkjz[n — k]
k=—oc0
M—-1 oo
Zaln] = Z hklz[Mn —kl =Y Y h[k'M +€z[Mn — (KM + £)]
k=—o0 =0 k'=—o00
~1 oo M-1
=Y ) hkM+fz[M(n—k)—€ =) h[Mn+€xz[Mn—{
£=0 k=—o0 £=0
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Block diagram representation

z[Mn—1]——  h[Mn+1]

z[Mn — (M — 1)] —— h[Mn+ M — 1]
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Upsampling
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Increasing sampling rate by integer factor

¢ Usually called “upsampling”
+ Downsampling = analogous to sampling a CT signal

+ Upsampling = analogous to D/C conversion

¢ Want to increase the sampling rate of x[n] by a factor of L

+ Obtain x;[n] = z.(nT;), where T; =T/L

from z[n| = x.(nT)
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Upsampling procedure

Lowpass filter
— AL —>| Gain=L >
x[n] x,[n] | Cutoff=m/L | x;[n]
Sampling Expander Sampling Sampling
period T period T; = T/L period T; = T/L

@ |t is obvious that z;|n| = z[n/L| = xz.(nT/L), n=0,+L,+2L,...
¢ The output from the expander is

Teln] = {x[n/L], n=0,xL,+2L,...

0, otherwise
— Z z[k]6[n — kL] How does z.[n] look like?
k=—o0

¢ The lowpass filter plays a role similar to the ideal D/C converter
rPOSTE2LCH 22



Frequency-domain representation

& The Fourier transform of Ze[n] is

X ()= )~ (Z :t;[k]é[n—kL]) e ~Iwn

n=—oo0 \k=—o00

oo

= ) azlkle 7 = X (e9F)

o /

Frequency-scaled version of x[n]
w replaced by wL

POSTE2LCH 23



Frequency-domain representation

X(j0)
1

-, () Q
' ' QN :7I'/T

(a)

Xi Jeo
Original sequence z[n] , “

2 —ar T 2 w=0T

(b)

Expanded sequence Ze [N | X.(e%) = X (el

1
T

(L=2)
] | ] |
4w 2 T 2r dr_, w=0T
., ) it L ) i L L
POSTE2LOCH

H(e)

2w -7 T 2 w=QT;

=19
S

(d)

Xi(e™)

AN

w 27 w=QT,

- Lowpass filter removes L replicas
- Need to have a gain of L
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Upsampling = interpolation

& |If the input sequence z[n] = z.(nT) was obtained without aliasing
=>» The upsampled sequence z;[n| can perfectly recover z.(?)

& z;[n] even has more samples than Z[n] in time domain
=> Filling in the missing samples = interpolation!
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Practical linear interpolation

o . o o . hinn
¢ lIdeal lowpass filter is not possible in practice s L'_[S]
2/5 -
+ Very good approximations are possible though T T ‘ [ I T T1/5
I,
¢ Very simple linear interpolation also works | Her)
L=3 Hy, (/)
L= jnl/L, ol <L S A
h].in [n] . -7 _ 47 27 T 2 4ar
0, otherwise 5 5 73 T3 5
: sin(wL/2)]° il — 4 x[K]
Hi () = - [ | R
L Sln(w/2) T:::: ====I====’ > o o @ ::::Tz
0 L 2L 3L n 4L SL k

Xiin[7]




Efficient implementation of upsampling

Lowpass filter
¢ Recall b b—— Gan=L |—>
x[n] x,[n] | Cutoff==/L | x;[n]
Sampling Sampling h[n] Sampling
period T period T; = T/L period T; = T/L
Te[n] = Y alkldln—kL]  zin]= ) z[k]o[n — kL] * hln]
k=—o0 k=—o0
= ) azlk]h[n — kL]
k=—o0

¢ Assume L=2 for simply illustration
O

ziln] = Y ax[k]hn — 2]
POSTE2LCH k=—o0 27



Efficient implementation of upsampling

¢ Consider z;[2n]| and z;[2n + 1] separately

zi[2n] = Y z[k]h[2n — 2k] = z[n] * ho[n], with ho[n] = h[2n]

k=—o0

T[n]—— hgln] = h2n] —— z;[2n]

z;[1+ 2n| = i z[klh[1 + 2n — 2k| = x[n] * h1[n], with hi[n| = h[1 + 2n)]

k=—c0

z[n] ——| hi[n] = A1 + 2n]— z;[1 + 2n]
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Efficient implementation of upsampling

¢ Overall system

ho|n| = h[2n] mz_[273]

/ | hafn] = B[ + 20—
No zero insertion! z;[1 + 2n)

¢ “Commutator” operates at twice original sampling rate
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Efficient implementation of upsampling

¢ Generalization

x;|Ln)
holn| = h[Ln| ——

*| hi[n] = h[1 + Lnjf—

{hr_1[n] =h|L — 1+ Ln|—

¢ “Commutator” operates at L - Fy
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Closer look into the system

Lowpass filter
¢ Recall AL —| Gain=L |—>
x[n] x,[n] | Cutoff==/L | x;[n]
Sampling h|n] Sampling
period T od T; = T/L period T; = T/L
|H ()] [He(e?)
L 1 | All-pass filter
™ s W —T T "W
L L For ¢=0,1,...,L —1
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Frequency-domain representation

& Recall he[n] = h[Ln + ¢ PN Hy(e?%)?

¢ First consider gy[n] = h[n + /]

> Gy(e?¥) = ej“’eH(ejw)

¢ Next hg[n] = ge[Ln] = h[Ln + /]

L-1
. ]_ . w—k2mw
¢ Then Hy(e’”) = 7 E Gy (e‘7 L )
k=0
; ]_ L1 . (w—Fk27)¢ - w—k2m
& Substitute He(ejw) = Z E e’ L H (ej L )

k=0
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Frequency-domain representation

w _ (w k27r)£ w—k27w
¢ Recall Hy(e?¥) = - Z (ey—)
1 2 g
e
. 1 w
¢ If |H(Y) |EH(69L)
L » 1
™ T w —T ™ w
L L With period of L27, not 27!
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Same as downsampling example

(g = 4Q) N case

Desired sequence Z4[n]

(a)

X,(jQ) = X(e/™)

Q X, (ei) = .;_[X(fjmfi) + X(elw-2m2y]

(b)

Original sequence Z[n] |X()

AN

27 -7 -y

POSTE2LCH

(M=2)
1,
MT
/,r"'i\l |/N
27 - T 2 w=0T,
(d)
0
_ A 2@ 2 dar — 2 =L
T, Ty T, T, T Ty
(e)
w=0T
34



Frequency-domain representation

® Recall Hy(e?) = {

( w k21r)}ej%w
J

|
Only when k=0 contributes in — 7T < w < 7

\

¢ All Fourier transform must have period of 27

& Other values of k just serve to make Hy(e’®) be periodic with period 27

& Thus, with the ideal lowpass filter H(e’*)

Hy(e?¥) = elT%, for w| < m
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Time-domain illustration

¢ Note z[n —ng| = z.(nTs — noTs) TEAN e_jwnOX(ejw)

@& Thus Hy(e’*) = e/ translates into a time-shift of gTs in the time domain
=> A fraction of a sample time-shift L

z(t) 1 L=3: z°[n] = z.(nT)
w0 oo z'[n] = zc(nTs + Ts/3)
P z*[n] = zc(nTs + 2T, /3)

-E -...- T T T T T T rt

T o143
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Efficient implementation of upsampling - revisit

holn| = h[3n| ——

z[n] { ha[n] = h[L + 3n)

{ ha[n] = h|2 4+ 3n)]
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Why polyphase filter?

& For |w| <,

POSTE2LCH

Ho(e?¥) =1
Hy(el%) = e73% 5 /H;(el¥) = %
Hy(e?*) = I3 LHy() = =
ZHy(e9%)]
ZHy (%)
ZHy (%)

—:/ ZICoIE
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Definition of polyphaser decomposition

¢ The polyphaser decomposition of a sequence is obtained by representing
it as a superposition of M subsequences, each consisting of every Mth
value of successively delayed versions of the sequence.
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Changing sampling rate by a noninteger factor

Interpolator Decimator
Ir __________________ [ Ir __________________ I
| 1* Lowpass filter : : Lowpass filter | :
—Ll{ 4L > Gain = L : > Gain =1 > yM p——>
x[n] | x.[n] | Cutoff=m/L | % (7] | | Cutoff = 7/M | %[n] | ¥4 7]
| I
SAMPiIng oo e e 44— -
period: . g e i ™
L L L L

Lowpass filter
Gain= L
> 4L > B — M —
] el [ | ) %]
Sampling
period: T K § T ™
L L L

(b)
¢ Combine interpolator and decimator

+ The order of two systems is important!

¢ Change sampling rate by a rational factor L/M
= Change sampling period by a rational factor M/L
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